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In this paper, as suitable applications of the so-called Omori–Yau generalized maximum
principle, we obtain rigidity results concerning to complete hypersurfaces with constant
mean curvature in the hyperbolic space, under appropriated restrictions on their Gauss
image. Furthermore, by supposing a linear dependence between support functions naturally
attached to such hypersurfaces, we establish a characterization theorem.
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1. Introduction
Let Ln+2 denote the (n+2)-dimensional Lorentz–Minkowski space, that is, the real vector space Rn+2 endowed with the
Lorentzian metric
〈v,w〉 =
n+1∑
i=1
viwi − vn+2wn+2.
The (n + 1)-dimensional hyperbolic space
H
n+1 = {p ∈ Ln+2; 〈p, p〉 = −1, pn+2  1}
as is well known, is a spacelike hypersurface in Ln+2, that is, the induced metric via the inclusion ι : Hn+1 → Ln+2 is a
Riemannian metric on Hn+1.
Let x : Σn → Hn+1 ⊂ Ln+2 an orientable hypersurface immersed into the hyperbolic space. We will denote by A the
shape operator of Σn with respect to a globally deﬁned unit normal vector ﬁeld N . In order to set up the notation, let us
represent by ∇0, ∇ and ∇ the Levi-Civita connections of Ln+2, Hn+1 and Σn , respectively. Then the Gauss and Weingarten
formulas for Σn in Hn+1 are given, respectively, by
∇0X Y = ∇X Y + 〈AX, Y 〉N + 〈X, Y 〉x
and
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for all tangent vector ﬁelds X, Y ∈X(Σ).
We recall that the unit normal vector ﬁeld N of Σn can be regarded as a map N : Σn → Sn+11 , where Sn+11 denotes the
(n + 1)-dimensional unitary de Sitter space, that is,
S
n+1
1 =
{
p ∈ Ln+2; 〈p, p〉 = 1}.
In this setting, the image N(Σ) will be called the Gauss image of Σn . In what follows, by ﬁxing an arbitrary vector
a ∈ Ln+2, we will consider two support functions, fa = 〈N,a〉 and la = 〈x,a〉, naturally attached to the immersion x : Σn →
H
n+1 ⊂ Ln+2.
In this paper we obtain rigidity theorems concerned with complete constant mean curvature hypersurfaces in Hn+1,
under appropriated restrictions on their Gauss image or by assuming a linear dependence between their support functions.
For instance, as applications of the Omori–Yau generalized maximum principle [13,16], we prove the following results (cf.
Theorems 3.1 and 3.2):
LetΣn be a complete orientable nonzero constant mean curvature hypersurface immersed inHn+1. IfΣn is contained in a geodesic
ball of Hn+1 and its Gauss image lies in a totally umbilical spacelike hypersurface of Sn+11 , then Σn is a totally umbilical geodesic
sphere.
Let Σn be a complete orientable constant mean curvature hypersurface immersed in Hn+1. Suppose that Σn is contained between
two horospheres (hyperspheres) of Hn+1 determined by a nonzero null (spacelike) vector a ∈ Ln+2. If its Gauss image lies in a totally
umbilical spacelike hypersurface of Sn+11 determined by a, then Σn is a horosphere (hypersphere).
Furthermore, by using a classical result due to Y. Tashiro [15], we also obtain the next result (cf. Theorem 3.4):
Let Σn be a closed orientable constant mean curvature hypersurface immersed in Hn+1. If its Gauss image is contained in the
closure of the chronological future (or past) of an equator of Sn+11 , then Σn is a totally umbilical geodesic sphere.
In the 3-dimensional case, by applying another classical result due to A. Huber [7] concerned with parabolic surfaces,
we obtain the following rigidity theorem concerning to complete surfaces of nonnegative Gaussian curvature (cf. Theo-
rem 3.6):
Let Σ2 be a complete orientable surface of nonnegative Gaussian curvature, contained in the interior domain enclosed by a horo-
sphere Lτ of H3. Suppose that its Gauss image is contained in the closure of the interior domain enclosed by a plane Lρ of S31. If the
(not necessarily constant) mean curvature H of Σ2 satisﬁes H  τρ , then Σ2 is a horosphere.
Finally, we observe that L.J. Alías, A. Brasil Jr. and O. Perdomo [2] obtained a rigidity result for constant mean curvature
hypersurfaces in Sn+1, by supposing a linear dependence between their support functions. Motivated by this result, we also
get the following (cf. Theorem 4.1):
LetΣn be a complete orientable constant mean curvature hypersurface immersed inHn+1. If la = λ fa for some timelike or nonzero
spacelike vector a ∈ Ln+2 and some real number λ, then Σn is either a totally umbilical hypersurface or a hyperbolic cylinder.
2. Preliminaries
Let x : Σn → Hn+1 be an orientable hypersurface immersed in the hyperbolic space Hn+1. Associated to the shape
operator A : X(Σ) → X(Σ) of Σn there are n algebraic invariants, which are the elementary symmetric functions Sr of its
principal curvatures k1, . . . ,kn , given by
S0 = 1 and Sr =
∑
i1<···<ir
ki1 · · ·kir .
The r-th mean curvature Hr of the hypersurface is then deﬁned by(
n
r
)
Hr = Sr .
Observe that when r = 1,
H1 = 1
n
tr(A) = H
is the mean curvature of Σn .
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and, for 1 r  n, via the recurrence relation
Pr = Sr I − APr−1.
As a consequence of Cayley–Hamilton theorem, we have Pn = 0. Moreover, since Pr is a polynomial in A for every r, it is
also self-adjoint and commutes with A. Therefore, all bases of T pΣ diagonalizing A at p ∈ Σn also diagonalize all of the Pr
at p.
Let D(Σ) be the ring of smooth functions f : Σn → R. Associated to each Newton transformation Pr one has the second
order linear differential operator Lr : D(Σ) → D(Σ), given by
Lr( f ) = tr(Pr Hess f ).
When r = 0, we note that L0 is nothing but the Laplacian operator .
For what follows, it is also convenient to deﬁne the traceless operator of the second fundamental form, φ :X(Σ) →X(Σ),
by
φ(X) = AX − HX,
for all X ∈ X(Σ). It is easily checked that the Hilbert–Schmidt norm of a operator φ (that is, |φ|2 = tr(φ∗φ), where φ∗
stands for the adjoint of φ) satisﬁes
|φ|2 = 1
2n
n∑
i, j=1
(ki − k j)2.
Consequently, we have that |φ|2 = 0 if and only if Σn is totally umbilic. Another appropriate expression for |φ|2 is given by
|φ|2 = |A|2 − nH2.
Now, we present our analytical framework. A proof of the next lemma, can be found in [14].
Lemma 2.1. Let x : Σn → Hn+1 orientable hypersurface immersed in the hyperbolic space Hn+1 . Then, for the support functions fa
and la previously deﬁned, we have
1. Lr(la) = (r + 1)Sr+1 fa + (n − r)Srla;
2. Lr( fa) = −(S1Sr+1 − (r + 2)Sr+2) fa − (r + 1)Sr+1la − 〈∇ Sr+1,a	〉,
where a	 ∈X(Σ) denotes the tangential component of a along the immersion x, that is, a	 = a − faN + lax.
An immediate consequence of the previous result is
Corollary 2.2. Using the previous notation, we have that
|Hess la|2 = |A|2 f 2a + 2nH fala + nl2a .
Another useful tool is given by the following
Lemma 2.3. If h : Σn → R and ξ : R → R are smooth functions, then
(ξ ◦ h) = (ξ ′′ ◦ h)|∇h|2 + (ξ ′ ◦ h)h.
We also will use the well-known generalized Maximum Principle due to H. Omori [13] and S.T. Yau [16].
Lemma 2.4. LetΣn denote an n-dimensional complete Riemannianmanifold having Ricci curvature bounded from below. Then, for any
C2 function u : Σn → R with u∗ = infΣ u > −∞, there exists a sequence of points {pk}k1 in Σn satisfying the following properties:
(i) u(pk) < u∗ + 1k , (ii) |∇u|(pk) <
1
k
and (iii) u(pk) > −1k ,
for all k 1.
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Now, we can state and prove our ﬁrst result. In what follows, we will suppose that all considered hypersurfaces are
orientable and connect.
Theorem 3.1. Let x : Σn → Hn+1 be a complete hypersurface immersed in Hn+1 with nonzero constant mean curvature H. Suppose
that Σn is contained in a geodesic ball of Hn+1 . If the Gauss image N(Σ) lies in a totally umbilical spacelike hypersurface of Sn+11 ,
then Σn is a totally umbilical geodesic sphere.
Proof. Let us assume that the Σn is contained in a geodesic ball B
(b) in Hn+1 of radius 
 > 0 centered at the point
b ∈ Hn+1. As we know
B
(b) =
{
p ∈ Hn+1; 1 〈p,b〉 cosh(
)}.
On the other hand, from Theorem 4 of [10] we have that there exists a vector a ∈ Ln+2 and a real number τ satisfying
fa = 〈N,a〉 = τ on Σn . Initially we assume that a is a unitary timelike vector, that is, 〈a,a〉 = −1. By using Corollary 2.2, we
have that τ = 0 and, by Lemma 2.1,
|A|2 = −nH
τ
la. (3.1)
Observe that by hypothesis and by Eq. (3.1), we have that |A|2 is bounded. Moreover, from Gauss equation, the Ricci
curvature of Σn is given by
Ric(X, Y ) = (1− n)〈X, Y 〉 + nH〈AX, Y 〉 − 〈AX, AY 〉
for X, Y ∈X(Σ). Note that we can write
nH〈AX, X〉 − |AX |2 =
∣∣∣∣AX + nH2 X
∣∣∣∣
2
− 2|AX |2 − n
2H2
4
|X |2
and using the Cauchy–Schwarz inequality we have
Ric(X, X)
(
1− n − 2|A|2 − n
2H2
4
)
|X |2, (3.2)
for all X ∈X(Σ). From (3.1) and (3.2) we conclude that the Ricci curvature of Σn is bounded from below. Now, we consider
on Σn the positive function
u = 1√
1+ |φ|2 .
From Eq. (3.1) and with the aid of Lemmas 2.1 and 2.3, we obtain that
nu2
(
1− u2)= 6|∇u|2 − 2uu. (3.3)
As u is a limited function on Σn , from the Lemma 2.4 we have that there exists a sequence of points {pk} in Σn such
that limu(pk) = infu, |∇u|(pk) < 1/k and u(pk) > −1/k for all k  1. From Eq. (3.3) and using that 0 < u  1 we have
u2(pk)(1− u2(pk)) → 0 when k → ∞. Since |A|2 is bounded, then limu(pk) = 1 and therefore u = 1 in Σn , that is |φ|2 = 0
on Σn and this means that Σn is a totally umbilical round sphere.
Now, suppose by contradiction that a is a lightlike or unitary spacelike vector in Ln+2 (that is, 〈a,a〉 = 0 or 〈a,a〉 = 1,
respectively) such that fa = τ on Σn . In both cases, a and b are linearly independent and τ = 0. Let Πa,b the 2-dimensional
subspace generated by a and b. Choose any vector c,different from b, in Πa,b ∩ Hn+1. Then we can to write c = δa + θb for
some constants δ, θ ∈ R and δ = 0. This assures us that la is a bounded function on Σn and, hence, we conclude by previous
arguments that Σn is a geodesic sphere and so a should be timelike, and we arrive at a contradiction. 
In order to establish our next result, we will use a natural duality between the foliations of the hyperbolic and de Sitter
spaces through totally umbilical hypersurfaces. Such duality follows from the fact that the horospheres (hyperspheres) of
H
n+1 can be realized in the Minkowski model in the following way
Lτ =
{
p ∈ Hn+1; 〈p,a〉 = τ},
where a ∈ Ln+2 is a nonzero null (spacelike) vector, and τ > 〈a,a〉 (cf. [9]). Furthermore, from a straightforward computation,
we see that the Gauss map of such hypersurfaces is given by
N(p) = − 1 a −
√
τ 2 − 〈a,a〉
p ∈ Sn+11 .τ τ
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n+1
1 , which is isometric to R
n , when a is a null vector,
and to Hn , when a is a spacelike vector (cf. [10]; see also [11] and [5]).
Theorem 3.2. Let x : Σn → Hn+1 be a complete hypersurface immersed in Hn+1 with constant mean curvature H. Suppose that Σn
is contained between two horospheres (hyperspheres) of Hn+1 determined by a nonzero null (spacelike) vector a ∈ Ln+2 . If the Gauss
image N(Σ) lies in a totally umbilical spacelike hypersurface of Sn+11 determined by a, then Σn is a horosphere (hypersphere).
Proof. From the causal character of a and from our hypothesis on the Gauss image N(Σ), it follows that the function fa is
constant and equal to some τ = 0.
On the other hand, from Lemma 2.1, we have that
|A|2 = −nH
τ
la
and, since Σn is also supposed contained between two horospheres (hyperspheres), we conclude that |A|2 is bounded.
Consequently, from inequality (3.2) it follows that the Ricci curvature of Σ is bounded from below. Now, we are in the
position to apply Lemma 2.4 to the function u = 1√
1+|φ|2 , where φ = A − H I .
Finally, following at this point the same steps of the proof of Theorem 3.1, we conclude that Σn is a horosphere (hyper-
sphere) of Hn+1. 
Remark 3.3. In [3], L.J. Alías and M. Dajczer studied complete surfaces properly immersed in H3 which are contained
between two horospheres, obtaining a Bernstein-type result for the case of constant mean curvature −1  H  1. More
recently, the second author and A. Caminha have studied in [5] complete vertical graphs of constant mean curvature in Hn+1.
Under appropriate restriction on the growth of the height function, they obtained necessary conditions for the existence of
such a graph. Furthermore, for complete surfaces of nonnegative Gaussian curvature, they also obtained a Bernstein-type
theorem in H3.
Let Lρ be the spacelike hypersurface embedded into Sn+11 given by
Lρ =
{
p ∈ Sn+11 ; 〈p,a〉 = ρ
}
,
where a ∈ Ln+2, 〈a,a〉 = 1,0,−1 and ρ2 > 〈a,a〉. Then, for p ∈ Lρ ,
N(p) = 1√
ρ2 − 〈a,a〉 (a − ρp) ∈ H
n+1
is a unit normal ﬁeld for Lρ . Consequently, the shape operator A of Lρ is given by
AX = ρ√
ρ2 − 〈a,a〉 X,
for all vector ﬁeld X tangent to Lρ (cf. [10, Example 1]). Hence, Lρ is umbilical with constant mean curvature H2 =
ρ√
ρ2−〈a,a〉 . In fact, it can be veriﬁed that:
(1) if a is an unit spacelike vector, then Lρ is isometric to an n-dimensional hyperbolic space of constant sectional curvature
− 1
ρ2−1 and H
2 ranges all possible values in (1,∞);
(2) if a is a nonzero null vector, then Lρ is isometric to the Euclidean space Rn and H2 = 1;
(3) if a is an unit timelike vector, then Lρ is isometric to an n-dimensional sphere of constant sectional curvature 1ρ2+1
and H2 ranges all possible values in [0,1).
In the case that a is an unit timelike vector, the level set given by L0 = {p ∈ Sn+11 ; 〈p,a〉 = 0} deﬁnes a round sphere
of radius one which is a totally geodesic hypersurface in Sn+11 . According to the terminology established in [1], we will
refer to that sphere as the equator of Sn+11 determined by a. This equator divides S
n+1
1 into two connected components, the
chronological future which is given by{
p ∈ Sn+11 ; 〈p,a〉 < 0
}
,
and the chronological past, given by{
p ∈ Sn+11 ; 〈p,a〉 > 0
}
.
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N(Σ) is contained in the closure of the chronological future (or past) of an equator of Sn+11 , then Σn is a totally umbilical geodesic
sphere.
Proof. Initially, we observe that our hypothesis on the Gauss image N(Σ) amounts to the fact that, for some timelike vector
a ∈ Ln+2, the function fa does not change sign on Σn . Moreover, from Lemma 2.1, we have that
la = nH fa + nla (3.4)
and
 fa = −|A|2 fa − nHla. (3.5)
Now, let us denote by g = 〈 , 〉 the Riemannian metric of Σn . A standard computation yields
∣∣∣∣Hess la − 1n (la)g
∣∣∣∣
2
= |Hess la|2 − 1
n
(la)
2. (3.6)
On the other hand, from (3.4) and (3.5), we obtain
( fa + Hla) = −|φ|2 fa. (3.7)
Thus, since fa does not change sign on Σn , from (3.7) and by applying Hopf’s theorem we have that fa + Hla is constant
on Σn . Consequently, we get that |φ|2 fa = 0 on Σn .
Hence, from Corollary 2.2 and Eq. (3.6), we conclude that
Hess la = 1
n
(la)g.
Therefore, the result follows from Theorem 2 of [15]. 
Remark 3.5. We want to point out that our restriction on the Gauss image of the hypersurface in Theorem 3.4 is motivated
by a rigidity result due to K. Nomizu and B. Smyth (cf. [12, Theorem 2]) related to compact hypersurfaces with constant
mean curvature in the Euclidean sphere Sn+1.
In the 3-dimensional case, by applying a classical result due to A. Huber [7] concerned with parabolic surfaces,we obtain
the following rigidity result concerning to complete surfaces of nonnegative Gaussian curvature.
Theorem 3.6. Let x : Σ2 → H3 be a complete surface of nonnegative Gaussian curvature, contained in the interior domain enclosed
by a horosphere Lτ of H3 . Suppose that the Gauss image N(Σ) is contained in the closure of the interior domain enclosed by a plane
Lρ of S31 . If the mean curvature H of Σ2 satisﬁes H  τρ , then Σ2 is a horosphere.
Proof. Let a ∈ Ln+2 be the nonzero null vector which determines the horosphere Lτ in H3 and the plane Lρ in S31. From
Lemma 2.1 we have that
la = nH fa + nla.
Thus, from our hypothesis under Σ2 and N(Σ), it follows that
la −n(Hρ − τ ).
Consequently, since we are also supposing that H  τρ , we conclude that la is a superharmonic positive function on Σ2.
However, a classical result due to A. Huber [7] assures that complete surfaces of nonnegative Gaussian curvature must be
parabolic. Therefore, la is constant on Σ2, that is, Σ2 is a horosphere of H3. 
4. Hyperbolic cylinders ofHn+1
Consider a integer k satisfying 0 k < n. Let us deﬁne the smooth function f : Hn+1 → R by
f (p) = p21 + · · · + p2k+1
where p = (p1, . . . , pn+2). For ρ > 0, let Σn = f −1(ρ2). It is not diﬃcult to verify that Σn is a complete, orientable constant
mean curvature hypersurface immersed in Hn+1. We still have that
N(p) = ∇ f|∇ f | (p) =
1√
2
(
ν(p) + ρ2p)ρ 1+ ρ
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of Hn+1.
If p = (p1, . . . , pn+2) is a point of Σn , then by considering the standard immersions
S
k(ρ) ↪→ Rk+1
and
H
n−k(√1+ ρ2 ) ↪→ Ln−k+1
and taking the product immersion, we easily see that
Σn = Sk(ρ) ×Hn−k(
√
1+ ρ2 ).
Moreover, its Weingarten operator A with respect to N = −N has the following principal curvatures
λ1 = · · · = λk =
√
1+ ρ2
ρ
and
λk+1 = · · · = λn = ρ√
1+ ρ2 .
Now, let us consider a unitary timelike vector a = (0, . . . ,0,1) in Ln+2. With a straightforward computation, we verify that
la = −
√
1+ ρ2
ρ
fa, (4.1)
where fa and la are the support functions of the immersion Sk(ρ) ×Hn−k(
√
1+ ρ2 ) ↪→ Hn+1.
On the other hand, it is immediate to see that the support functions of a totally umbilical hypersurface of Hn+1 also
satisfy a relation of the same type of (4.1). In our last result, we will prove that these previous examples are the only
constant mean curvature hypersurfaces of Hn+1 such that la = λ fa for some vector a ∈ Ln+2 and some real number λ. More
precisely, we have the following
Theorem 4.1. Let x : Σn → Hn+1 be a complete hypersurface immersed in Hn+1 with constant mean curvature H. If la = λ fa for
some timelike or nonzero spacelike vector a ∈ Ln+2 and some real number λ, then Σn is either a totally umbilical hypersurface or a
hyperbolic cylinder Sk(ρ) ×Hn−k(√1+ ρ2 ).
Proof. Initially we will assume that a is a timelike vector in Ln+2 such that la = λ fa for some real number λ. Then, in this
case, we have λ = 0 and H = 0. Observe that la = λ fa . Now, by Lemma 2.1 we conclude that
S1 + nλ + λS21 − 2λS2 + λ2S1 = 0 (4.2)
on Σn . Observe that the above equation shows that S2 is also constant on Σn . Repeating the previous argument for the
operator L1 we have
2S2 + (n − 1)λS1 − λ(3S3 − S1S2) + 2λ2S2 = 0 (4.3)
on Σn . As before, we conclude that S3 is constant on Σn . Note that this argument shows that Sr is a constant function on
Σn for all r. Now, by using Proposition 3.1 of [4], we have that
L1(S1) = S2 +
{|∇A|2 − |∇ S1|2}+ 2S2(|A|2 + n)
− S1
[
S1S2 − 3S3 + (n − 1)S1
]
.
Now, as S1 and S2 are constants, we obtain, after simple computations, that
|∇A|2 + S21S2 − 4S22 + 2nS2 + 3S1S3 + S21 − nS21 = 0 (4.4)
on Σn . As S1 = 0 and λ = 0, we conclude from Eqs. (4.2) and (4.3) that
λ|∇A|2 + 2S1S2 + 2λS21S2 + 2λ2S1S2 − 4λS22 + 2nλS2 = 0 (4.5)
on Σn . Using the Gårding inequalities [6] and Eq. (4.3), it is easy to see that S2 = 0, then from (4.2) and (4.5) we obtain
that λ|∇A|2 = 0, and it follows that |∇A|2 = 0 on Σn . Hence, by Theorem 4 of [8], and using that Σn is complete, it follows
that Σn is a totally umbilical hypersurface or a hyperbolic cylinder Sk(ρ) ×Hn−k(√1+ ρ2 ).
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us suppose that λ = 0. By Lemma 2.1 we have
(
S1 + nλ + λS21 − 2λS2 + λ2S1
)
la = 0 (4.6)
on Σn . Let h : Σn → R the function deﬁned by
h = S1 + nλ + λS21 − 2λS2 + λ2S1.
If there exists p0 ∈ Σn such that h(p0) = 0, then there exists a neighborhood U of p0 in Σn in which h(p) = 0 for all p ∈ U .
Then from Eq. (4.6) it follows that la = 0 in U . This implies that fa and la are simultaneously zero in U , what cannot occur
since
|∇la|2 + f 2a − l2a = 1.
Then h = 0 on Σn and, hence, the previous argument can be used again to ﬁnish the proof. 
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